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RIKATTI TENGLAMASI YECHIMINING HOSILALARI UCHUN REKURRENT-
DIFFERENSIAL TENGLAMALAR SISTEMASI

Abstract: This is y" + xy = 0 equivalent to the Liouville z'(x) = x + z2(x) equation. The system of

recurrent-differential equations for the derivatives of the solution of the Riccati equation is studied.

Key words: recurrent-differential equation, polynomial triangle, infinite system.

Annotatsiya: Ushbu y" +xy =0 Liuvill tenglamasiga z'(x) = x + z2(x)  tengkuchli. RikkKati

tenglamasi yechimining hosilalari uchun rekurrent-differensial tenglamalar sistemasi o‘rganiladi.

Kalit so’zlar: rekurrent-differensial tenglama, polinomial uchburchak, cheksiz sistema.

AnnoTanus: 1o sxeuBanentHo y'' + xy = 0 ypasuenmo Jluysumist. Mccnenosana z'(x) = x + z2(x)

CcHuCTEMa peKyppeHTHO-)_II/I(i)(I)CpeHL[I/IaHLHBIX ypaBHeHI/If/i JJI IPOU3BOAHBIX PCHICHUS YPABHCHUA Pukkarn.

KioueBbie cia0Ba: peKyppeHTHO-IU(PEepeHINAIBHOE YpaBHEHUE, MOJIMHOMHUAIBHBIA TPEYTrOJIbHUK,

OeCKOHEYHas CUCTEMA.
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Parametrga bog‘liq chiziqli

tenglamalarni kichik parametr usuli bilan

Y'n(x) = an(X)Yn(x) + bp(X)yn_1(x) + cp(x),n =

0,1,2,...
@)

ko’rinishidagi rekurrent-differensial
tenglamalar cheksiz sistemasiga keltirish
mumkinligi yaxshi ma’lum, bunda y,(x)
berilgan deb garaladi. Bu sistema aslida sof
rekurrent tabiatli bo‘lib, no’malumlar
birin-ketin integrallash yo‘li hisoblanadi.

Amaliyotda (1) sistemadan fargli

Pn+1,k(x) =dAank (x)Pn,k(x) + bn,k(x)(Pn,k—l(x))’
+ Cn e (0) Pre—2(2)(2)

ko‘rinishdagi  tenglamalar sistemasiga
keltiriladigan masalalar uchraydi. Xususan,
ank(X) =n—k,byr(x) =1L cpp(x) =(n—k+

2)x bo’lgan hol Liuvill tenglamasi uchun
kombinatorik ~ masalaga  tengkuchli.
Boshlang‘ich shart p,, =n! bo’lgan holni
garaymiz (bu yerda k <n). Shunda P, ,(x)
ko‘phadlardan iborat bo‘lib, u binomial
koeffitsientlar kabi uchburchak hosil

qgiladi.

(3]
2
=

—

24 40x 10 162 6x
120 240x 60 136+ 2x 165 +6

(2) munosabatdan bevosita quyidagi

xossalar kelib chigadi: 1) Agar k- juft

bo‘lsa P, ;. (x) bu (g — 1) -darajali, agar toq

bo’lsa ([g] + 1) -darajali ko‘phad; 2) d,,* =

deg P,* (x)  deyilsa,

dkt? =gk +1, n=
23,...n—Lk=12,..,n-1
Endi y" + xy = 0 tenglamani garaymiz.

Uning yechimi elementar funksiyalar
orgali, ular ustida algebraik amallar va
integrallash amali bilan ifodalanmaydi

(J.Liuvil teoremasi) [1]. U
z'(x) = x + z%(x)
(3)

Rikkati tenglamasiga teng kuchli.
Teorema. (3) tenglama uchun z(0) =

z, Koshi masalasining yechimi z(x)

1 1
zM™(x) = nlz"1 + 3 (n+ Dlxz™ 1 + 'R (n

+1)Iz"2% +
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n
) [0 = k4 Py + i) + (= 1
k=3

— k)Pn_l_k]Z"_k
X0SSsaga €ga.

Isbot. (3) tenglamadan z” = 2z3 +
2xz + 1,z = 6z* + 8qz? + 2z + 2x?
bo‘lishi ravshan[2].

So‘ng

zM = plzn+l 4 Ppaz™ Pz +

Pz 3+ APyn—22? + Pup1z' + By
4)
o‘rinli bo‘lsin deb faraz gilaylik. U holda
zMWD = (n+ D122 4+ [(n— 1Py, + (n
+ D!x]z™ + [(n — 2)P,,
+ (Pp2)'2" 1 +
+[(n — DxPpy + (n— 3)Ppz + (Py2)' 12" 2 + [(n
—2)xPp, +(n—4)P, 4
+ (Pr3)12" 7% + (5)
+H[(n = 3)xPpz + (= 5)Pps + (Pna)]z"* + [(n
—4)xPps+ (n—6)Pp¢
+ (Prs) 12" +
+H(n—k+2)xPyx—n +(n—k)P,x
+ (Prje-1)12" ¥+ [(n— k
+ DxPpp-1+(m—k—1)Py 41 +
+(Pn,k)']zn_k+. o+ [2xPp 2 + (Ppn-1)'12z
+ xPp 1+ (Pon)'
Bu ifodani (4) formulada n o‘rniga
n + 1 qo‘yilgani bilan tagqoslab, quyidagi
tengliklarga ega bo‘lamiz: P,,,, = (n + 1)},

I:)n+1,1 = (n +1)!X + (n _1)Pn,1’ Pn+1,2 = (Tl -

Z)Pn,z + (Pn,l)': vak=3,..,n, Py =

(n =k + 2Py + (Prg-1) + (0 — k)Pr.

Xususan, Puyins1 = xPun_1+ (Pon)-
Boshlang‘ich shart P,, =n! bo‘lgan
holdan keyingi P, ; ko‘phadni topamiz.
Yugorida keltirilgan
Ppi=nlx+ (n—2)Py_q4

(6)
tenglamaning bir jinsli gqismini quyidagicha
yechamiz: P,,=mn-2)P,_,, tenglamada
P, =y, kabi belgilash Kkiritsak,y, = (n -
2)yn—1 ga ega bo’lamiz. Uning yechimiy, =
(n—2)!cko‘rinishda bo‘ladi. O‘zgarmasni
variatsiyalash yo‘li orqali

Yo =Mm—=2)!Cy

(7)
ifodani (6) tenglamaga qo‘yamiz va C, ga
nisbatan C, = C,_; + (n— Dnx
rekurrent formulaga ega bo‘lamiz. Keyingi
gadamda n ga 1,2,...,n qiymatlarni berib
tenglamalar sistemasini hosil gilamiz va
uni yechamiz:c,=(1-2+2-3+...+(n—1) -
n)x = zn(n — 1)(n + Dx. C, uchun topilgan
ifodani (7) ga qo‘yamiz va quyidagiga ega
bo‘lamiz :
Pai=Yn=@m—=2)Cy=3(n—2)n(n—D(n+

Dx = (n+Dlx.

Yugoridagi gadamlarni davom ettirib,
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1 1 -
Pro=5 (4D Poa = L(n+1)! (5n - 8)x2, 5 (n+ 1l22

—k+ 1)xPp_q 4o
Pn,4:%(n +1)|(5n_12)X,Pn’5 :L(n-} +kz=3[(n + )x 1,k-2

5670
+ (Ppogp-1) + (=1

1)! (35n? — 203n + 264)x° + —— (n + 0P ]2
- n-1k|% :
1)! (35n — 106),... xulosa
larni hosil gilamiz. . . i
Ushbu magolada Rikkati tenglamasi
Ushbu Pp=Mm—k+1)xPy 1, o+

yechimining hosilalari uchun rekurrent-
(Poo1g-1)' +(n—k=DPpqy lar n>k=>3 : : : :
‘ ’ differensial tenglamalar sistemasi
uchun o‘rinli. Topilgan ifodalarni (4) ga o
o’rganildi.  Bunda z'(x) = x + z%(x)
0‘yib quyidagiga ega bo‘lamiz:
40 yIb quyldagiea 8 ko’rinishidagi  tenglama uchun z(0) = z,

1 1
(M) = pryn+l 4 — Iz 14 . .. ..
270 =nlz" 4 gt Dz 4 5 (n Koshi masalasining yechimi z(x)

+ 1)1z 1 1
zW) =nlz"M +-(n+ Dlxz" 1 +—=(n
+ P32 3 APy 22 3 12
-2
n
1 1 .
=nlz" + 3+ 1! xz" 1+ D! z" 2 + Z[(n —k+ DxPp g2+ (Ppogp—1) +(n—1
. k=3
+ z Pn an—k =nl Zn+1 +%(Tl - k)Pn_l,k]Zn_k
k=3 xossaga ekanligi isbotlandi.
+ Dlxz™ ! +
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